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We study the complete evolution of a flat and homogeneous universe dominated by tachyonic 
matter. We demonstrate the attractor behaviour of the tachyonic inflation using the Hamilton- 
Jacobi formalism. We else obtain analytical approximations to the trajectories of the tachyon field 
in different regions. The numerical calculation shows that an initial non-vanishing momentum does 
not prevent the onset of inflation. The slow-rolling solution is an attractor. 
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I. INTRODUCTION 

The study of non-BPS objects such as non-BPS branes, 
brane-antibrane configurations and spacehke branes has 
recently attracted great attention given its imphcations 
for string/M-theory and cosmology. The tachyon field 
associated with unstable D-branes, might be responsible 
for cosmological inflation at early epochs due to tachyon 
condensation near the top of the effective potential 0, 
and could contribute to some new form of cosmological 
dark matter at late times 0. Several authors have in- 
vestigated the process of rolling of the tachyon in the 
cosmological background '3. '5| . In the slow roll limit in 
FRW cosmology, the exact solution of tachyonic inflation 
with exponential potential is found 

A question which has not yet been addressed in the lit- 
erature on tachyonic inflation is the issue of constraints 
on the phase space of initial conditions for inflation which 
arise when one takes into account the fact that in the 
context of cosmology the momenta of the tachyon field 
cannot be neglected in the early universe. For models 
of the type of chaotic inflation, the work of Q shows 
that most of the energetically accessible field value space 
give rise to a sufficiently long period of slow roll infla- 
tion. However, for models of the type of new inflation, 
allowing for non- vanishing initial field momenta may dra- 
matically reduce the phase space of initial conditions for 
which successful inflation results, and the attractor is the 
slow rolling solution 

In this paper we investigate the constrains on the initial 
conditions of inflation with tachyon rolling down an ex- 
ponential potential in phase space required for successful 
inflation. We demonstrate the attractor behaviour of the 
tachyonic inflation using the Hamilton-Jacobi formalism. 
We else use an explicitly numerical computation of the 
phase space trajectories and obtain analytical approx- 



imations to the trajectories of the tachyon in different 
regions. We find that in phase space there exists a curve 
that attracts most of the solutions. 



II. TACHYONIC MATTER COSMOLOGY 

According to Sen , the effective action of the tachyon 
field in the Born-Infeld form can be written as 



S 



V(T)^l + gt^-d^Td,T^ (1) 



where T is the tachyon field minimally coupled to gravity. 
The rolling tachyon in a spatially flat FRW cosmological 
model can be described by a fluid with a positive energy 
density p and a negative pressure P given by 



VjT) 



Thus 



P = -V{T)Vl-t^, 



L0=- = -(1-T2) 
P 



(2) 
(3) 

(4) 



Note that — 1 < < 0, and a universe dominated by 
this rolling tachyonic matter will smoothly evolve from 
a phase of accelerating expansion to a phase dominated 
by a non-relativistic fluid [3j. The evolution equation of 
the tachyon field minimally coupled to gravity, and the 
Friedmann equation are 



n V'iT) 

v2 V{T) 



3 VT^iF 



(5) 
(6) 
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where 11 = T denotes the velocity of tachyon. A universe 
dominated by tachyon field would go under accelerating 



2 



expansion as long as 11^ < 2/3 which is very different 
from the condition of inflation for non-tachyonic field, 
02 < The tachyon potential V{T) ^ as T 

oo, but its exact form is not known at present Sen 
has argued that the qualitative dynamics of string theory 
tachyons can be described by with the exponential 
potential 



V{T) = Voe- 



(7) 



where a is the tachyon mass. The cosmological aspects 
of rolling tachyon with exponential potential are investi- 
gated Iq. In what follows we will consider iQJ with ex- 
ponential potential in purely phenomenological context 
without claiming any identification of T with the string 
tachyon field. 



III. INFLATIONARY ATTRACTOR 

The Hamilton- Jacobi formulation |lOl | is a powerful 
way of rewriting the equations of motion, which allows 
an easier derivation of many inflation results. We con- 
centrate here on the homogeneous situation as applied to 
spatially flat cosmologies, and demonstrate the attractor 
behaviour of the tachyonic inflation using the Hamilton- 
Jacobi formalism [Tll |. 

Differentiating Eq.® with respect to t and substitut- 
ing in Eq.lQ gives 



T 



2 H'{T) 



(8) 



where primes denote derivatives with respect to the 
tachyon field T, which gives the relation between T and 
t. This allows us to write the Friedmann equation in the 
first-order form 

[H'{T)f-\HHT)^-'^V\T) (9) 

Eq.(|5Jl is the Hamilton- Jacobi equation. It allows us to 
consider H{T), rather than V{T), as the fundamental 
quantity to be specified. Suppose Ho{T) is any solu- 
tion to Eq.(|5l, which can be either inflationary or non- 
inflationary. Add to this a linear homogeneous per- 
turbation 6H{T); the attractor condition will be sat- 
isfied if it becomes small as T increases. Substituting 
H{T) = Ho{T) + 6H{T) into Eq.© and linearizing, we 
find that the perturbation obeys 



H'SH' ~ -H'i^SH 



which has the general solution 



SH{T) = dH{T,) exp 




K{T) 



dT 



(10) 



(11) 



where 6H{Ti) is the value at some initial point T^. Be- 
cause i?g and dT have opposing signs, the integrand 



within the exponential term is negative definite, and 
hence all linear perturbations do indeed die away. If 
there is an infiationary solution, all linear perturbations 
approach it at least exponentially fast as the tachyon field 
rolls. 



IV. PHASE PORTRAIT AND COSMOLOGICAL 
EVOLUTION 

We choose different initial conditions T, in the range 
T > 0, and H in the range < H < 1 and we obtain 
the phase portrait in the (T, H) plane. Figure 1 shows 
that there exists a curve that attracts most of the trajec- 
tories, in the (x, y) plane where x = aT and y — T\ are 
dimensionless coordinates. The initial kinetic term de- 
cays rapidly and does not prevent the onset of inflation. 
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FIG. 1: Phase portrait for tachyonic cosmology. 

The behavior of the trajectories can be also analyzed 
analytically. To understand the evolution of the tachyon 
field we define two regions P and K in the (T, H) plane 
as indicated in Figure 2. The region P is the region 
where the potential dominates over the energy density, 
and the region K is the region where the kinetic energy 
dominates. 

Curve r. This curve describes the slow rolling solu- 
tion where the evolution Eq. ((SJ and the Friedman Eq. ((BJ 
in expanding universe can be approximated by 

V'{T) 



3i?H 



V{T) 

,^2 



-0, 



from which it follows that 



-V{T), 



H 



a 
3^ 



62' 



a \ a 



(12) 



(13) 



(14) 



(15) 
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FIG. 2: Sketch of the different regions in the (T, D) phase 
plane. 



where /3 = ^Jk^Vq/Z. The expression for the number N 
of e-foldings of inflation can be written as 



iV = In- 



V" 



dT 



;ViT) 



n 



(16) 



where Tf, is the value of the field at the point where it 
reaches curve F and Tg is the value of the field at the 
end of the slow rolling phase. In order to obtain enough 
e-foldings of slow roll inflation the value of Tf, for such a 
trajectory must satisfy 

< Tb < T^so (17) 

where r^^° is calculated from Ea. H16|l with = 60. 

Region P. In this region, the potential dominates 
over the energy density. The potential force V'{T) is 
negligible compared to the friction term since the friction 
coefficient is proportional to the potential. The evolution 
Eq.(|SJl and Friedman Eq.@ are approximately 



n + 3HU = 



i/2 ^ :^viT) 



(18) 
(19) 



where we have neglected Hb since it is exponentially 
smaller than Upk- In general the unconventional forms 
of the tachyonic energy density and pressure make the 
cosmology with tachyon field differ from that with a nor- 
mal scalar field, and make it difhcult to separate kinetic 
term from potential term. We assume that V{T) and 



V{T)i- 



1) are regarded as potential and ki- 



netic term respectively. Therefore, the boundary value 
between region P and region S is 11^^ = . So 



T, 



-2 In 
a 



4\/3/3, 



(23) 



To lead to sufficient inflation, from (|17|l such initial con- 
ditions must satisfy 



a 



4\/3/3 



(24) 



Region K. It is the region of kinetic energy domina- 
tion where V'{T) is negligible compared to the friction 
term and (O and lO become 



n 



1 -n2 



H' = 



3HU = 



V{T) 



3 VT^TP 

These can be integrated and we find: 



(25) 
(26) 



T = In 

a 



6/3 

— e 2 ^ 
a 



a / 1 3 3 2 

6^"^^^U'4'2'" 



n 



(27) 



(28) 



so that 



where (i, |, |, 11^) is Gauss hypergeometric func- 
tion. 



CONCLUSIONS AND DISCUSSIONS 



n 

T 



a 

a 



6/3 ^ 



n) 



(20) 
(21) 



where Tpk and 11^^; are the values at the boundary be- 
tween region P and region K. Let us now denote by 
Tfc and 11;, the values of the inflaton and its momentum 
when the trajectory reaches the slow roll curve. 



In 

a 



2-'pfc n„fe 

6/3 ^ 



(22) 



To demonstrate the attractor behaviour of the tachy- 
onic inflation. We use the Hamilton- Jacobi formalism, 
which greatly simplifies the analysis. Adding to any solu- 
tion to Eq. @ a linear homogeneous perturbation, we find 
the perturbation die away exponentially. The attractor 
behaviour indicates that, regardless of initial conditions, 
the late-time solutions are the same up to a time shift, 
which cannot be measured |53 ■ We else use an explicitly 
numerical computation of the phase space trajectories 
and obtain analytical approximations to the trajectories 
of the tachyon in different regions. One can easily verify 
from Figure 1 and Figure 2 that these approximations 



4 



are in very good agreement with the numerical results, 
and that the slow rolling solution is the late-time at- 
tractor. Although the initial kinetic term decays rapidly 
and does not prevent the onset of inflation, allowing for 
non-vanishing initial field momenta around T = may 
dramatically reduce the phase space of initial conditions 
for which successful inflation results. 

According to the picture of tachyonic inflation, the 
homogeneous tachyon field near the top of the poten- 
tial rolls down towards the minimum of the potential at 
T — > oo. Tachyonic matter behaves at late time as a pres- 
sureless gas of massive particles. In most versions of the 
theory of reheating, production of particles occurs only 
when the inflaton fleld oscillates near the minimum of its 
effective potential. However, the effective potential of the 
rolling tachyon does not have any minimum at finite T, 
so this mechanism does not work. It is unclear how the 



universe could be reheated in the framework of tachyon 
cosmology. Recently, some studies pointed out that as 
the tachyon evolves into the late-time, the coupling to the 
closed string becomes more and more large 13]. These 
results motivate us to expect that the tachyon could emit 
closed string radiation [Ij, [Tj| , such as graviton and di- 
lation, into the bulk and eventually settles in the finite 
minimum. 
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